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(1) Given time constant 7 = 15s

velocity of balloon v, = 6m/s

temperature variation with altitude AT, = 0.15°C/30m = 0.005°C/m

We also know that the recorded temperature at y = 3000m is 0°C.

(a)

(b)

()

In this case, the ramp input is equal to the decrease in temperature every second. We know
that the balloon travels 6m every second. We also know that the temperature decrease is
0.005°C for every metre. Thus the ramp input is:

Giramp = ATyv, = —0.005 X 6 = | giramyp — 0.03°C/s

The steady state error is given by the ramp input multiplied by the time constant, as follows:

steady state error = girampT = —0.03 x 15 = |ess — 0.45°C

Since the time constant of the system is 15s, thus there is a 15s delay between the recorded
temperature and actual temperature. To find the correct temperature at a particular alti-
tude, we must add the steady state error to the recorded value.

‘ correct temperature at 3000m = —0.45°C

Since the velocity vy, = 6m/s, the time taken to reach at altitude of 3000m is ¢ = 3000/6 =
500s. Thus, the true altitude at which 0°C occurs is:

y(20 — 7) = v,(500 — 7) = 6(500 — 15) = |y = 2910m

An alternative approach would be to note that the rate of temperature decrease is 0.15°C

for every 30 metres increase in height. Thus for a 0.45°C increase in temperature, the

0.45 x 30
corresponding decrease in height should be o - 90m. Thus the true altitude again

comes out to be 2910m.



(2) Given coefficient of linear expansion of mercury omercury = 180 X 1076 /°C
density of mercury pmereury = 13600kg/m?
specific heat C), = 0.15kJ /kg°C
heat transfer coefficient hg; = 5.36J /s/m?/°C
capillary diameter d = 0.25mm
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(a) We want a sensitivity of K = 4mm/°C. We have the formula for the sensitivity K =

Since B is the coefficient for volume expansion, we have 3 = 3a = 540 x 1076/°C.

BV KA,
K = =
A — V 3
_ 0.25x1073)2
o, ax 3) (v x (02229020
o 540 x 106

SV =363x10""

Thus the volume of mercury inside the bulb ‘ V =3.63x10""m? ‘
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(b) To find the time constant, we have the formula 7 = . To calculate the surface area of

the bulb A, we must first find its radius.

e = \3/ ?TV =442x 107 = A, =4mr? =246 x 107*
s

Now that we have the value of A, we can calculate 7 as follows:

13600 x 150 x (3.63 x 1077)
~ 5.36 x (2.46 x 1074)

Thus the time constant of the thermometer | 7 = 561.61s

= 561.61




(3) Given density of metal p = 7900kg/m3

specific heat capacity C), = 450J/kgK

diameter of ball d, = 1.6mm

heat transfer coefficient h = 100W/m?K

We can use this information to find the time constant 7 for the thermocouple:
_ PGV Gy 3™ pCydy
hA h 4mr? 6h
7900 x 450 x 1.6 x 1073
100 x 6

= 9.48s

The initial fluid temperature is 30°C, which is then raised suddenly by 70°C. Thus the final fluid
temperature is 100°C. We want the temperature to reach 90% of its final temperature i.e. 90°C.
We can establish the relation between the fluid temperature and time as follows:

T="Ty+r(l—e )
To find the constants T and r, we use the boundary conditions as follows:

T=30att=0 — Ty, =30
T=100att=00 — r="70

Thus our final equation is T = 30 + 70(1 — e~*/7). We can then find the time required to reach
90°C as follows:

90 =30+70(1 —e /7)) = 70(1 — e /") =60

1
725/7':7
c 7
et/ =7 —= t=71In7

S t=948 xIn7 = |t = 18.45ms

6
l-eT= =
¢ 7



(4) We have three cases for the first order pressure sensor, which will give us three different time
constants as follows:

I) For 95% accuracy, we have (1—e%7) > 0.95 = e ¥/7 <0.05 = €!/™ > 20. Substituting
the value of £ = 0.05s, we get 71 < 16.69ms.

IT) We have a ramp input with girqmp = 0.7MPa/s. We also have steady state error = girampT <
14kPa. Hence, we get 1o < 20ms.

III) We have a sinusoidal input with frequency 25Hz. Thus the angular frequency is w = 27 f =
2 x 7 x 25 = 157.08rad/s. We can work out the amplitude accuracy in the frequency domain
(using Laplace transform) as follows:

Qo(s)

>09 = 1+w?r?<1.23

amplitude accuracy =

_ 1
C|1+7s

1
V14 w22

CowT <048 = 13 < 3.08ms

To satisfy all of these conditions, the largest allowable time constant is



(5) The general equation for a first order system is gy = Ce ™t/ + K¢;. We have 3 unknowns - C,
K and 7. We could solve this using a system of 3 equations. However, from the given values, we
can note that the system is pretty close to saturation around ¢ = 50s. Thus, we can make the
approximation that the output from the system at ¢ = oo is very close to the output at ¢ = 50.

Assuming that gg = 205 as t — oo, we can find out C' and K as follows:

q0(0) =20 = C+ K¢ =20
qo(o0) = 205 = Kq; = 205

Thus our input-output relationship for this system is gg = 205 — 185¢ /7. Now to check whether

this system is first order or not, we need to find out 7 for each of the data points. If all the values

of 7 are fairly close to each other, then we can conclude that the system is indeed of first order.
t

185\
In <205—q0 )

t=5, q=8 = 7= = 1155

From the input-output relationship, we get 7 =

t=10, =130 = 7= ——

t=15, qop=160 = 7= ———

t=20, q=18 — 7= ——_

t=25 q=190 = 7= ——"

t=30, gp=195 = 7= —

t=35 ¢=197 = 7= ———_

t=40, o =200 = 7= —

t=45¢=202 = 7=——— =10.91s

Since all the values of 7 are fairly close together, we can conclude that the system is of first order.
The time constant can be found by taking the average of all the obtained values as follows:

11. 11. 10.61 . . 10.2 11.14 +11. 10.91
o 95 +11.07 + 10.6 +899+9€;5+ 0.28 + +11.07 4+ 10.9 . [F = 1062




